Availability is probably the most informative indicator of performance for repairable devices. The construction and study of availability measures is usually focused on understanding the time evolution of device status -often relative to the efficiency of the repair process.
SUMMARY & CONCLUSIONS
Availability is probably the most informative indicator of performance for repairable devices. The construction and study of availability measures is usually focused on understanding the time evolution of device status -often relative to the efficiency of the repair process.
It is not generally acknowledged that the resulting availability measure is actually an expected value with respect to frequency. At any point in time and with any associated value for availability, the number of copies of a device that is functioning is a random variable. The behavior of this random variable is the subject of the study described here.
The intuitive view that the frequency distribution of operating devices is binomial is confirmed. This is done using a combination of direct analysis and simulation for negative exponential and Weibull life distributions under the assumption of negative exponential repair time distributions.
An efficient numerical strategy for computing availability in the Weibull case is constructed and provided as an ancillary result. The implications of the analysis are that more accurate models of device behavior in terms of frequency are defined including exact confidence bounds for availability a t any point in time. In addition, the time evolution of the frequency distribution is described and the implications of this evolution for decision analysis are identified. The result of the analyses presented is a new perspective on availability that should prove quite useful.
INTRODUCTION
While reliability is a meaningful descriptor of equipment behavior. availability is often a more informative performance measure for repairable devices. Accordingly, there has been considerable study of repairable device availability and four related availability measures have been defined ~ (i) availability, (ii) limiting availability, (iii) average availability, and (iv) limiting average availability. The construction and study of each of these availability measures is usually focused on understanding the time evolution of device status ~ often relative to the efficiency of the repair process. It has not generally been acknowledged that the resulting availability measure is actually an expected value with respect to frequency.
For a device population, the analysis of the life and repair time distributions yields a model of availability usually stated as the probability that any device is operational a t any point in time. This probability may also be viewed as the proportion of the devices in the population that are operational a t the specified point i n time. For an actual realization of the operating and repair process, the number of devices that are functioning a t a given point in time is actually a random variable that is distributed in terms of frequency. The behavior of this random variable is the subject of the study described here.
The focus of previous analyses of availability has been the modeling and computation of the four availability measures for various life and repair time distributions and the portrayal of system availability in terms of component availability. The emphasis has been on modeling and understanding behavior measured in the time domain. Very little mention has been made of the frequency distribution of availability a t a specific point in time. Although little mention has been made of this frequency distribution, there has been much discussion regarding the random nature of availability. Butterworth and Nikolaisen [2] Although no one has formally discussed the distribution of availability in the frequency domain, there has been some passing mention of the problem. Lynch [7] and Campbell and Keller [3] both describe the problem and state that this underlying frequency distribution is binomial with parameters n and A, , which is not correct. Lynch states this directly whereas Campbell and Keller use an example for which n = 2.
In this paper, we explore the frequency distribution of availability over time. We do this for both negative exponential and Weibull failure distributions assuming in each case that repair time follows a negative exponential distribution. The notation we use to define the models presented is the following: t time variable. availability at time t. limiting availability -lim A(t). device status variable = f?f device i is functioning at t, 0 otherwise. number of copies of a device in a population. number of the n elements of a device population functioning a t t.
a device repair time distribution t+ assumptions that:
is new).
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1. a t t = 0, each system has just completed repair (or 2. times to failure for the devices are independent and 3. repair times are independent and identically 4. the life distribution is the same for each copy of a 5. the repair time distribution is the same for each Within the framework provided by these assumptions, we obtain three primary and one secondary results. Specifically, (i) we confirm the fact that the frequency distribution of availability is binomial, (ii) we characterize the time evolution of the frequency distribution, and (iii) we show that the use of limiting availability as a basis for decision making can involve some substantial errors. In the course of our analysis, we define an efficient method for the numerical computation of approximations to the Weibull renewal density function and the associated renewal based availability function.
MODEL DEVELOPMENT & ANALYSIS
Consider a population of n independent copies of a device.
Using the above defined notation, a well known[l] availability expression for copy i of the device is:
In addition, using this general expression, Barlow and Proschan[l] show that availability may be defined in general as:
The other availability measures can generally be obtained from A(t) so the key issue in availability analysis is usually seen as solving equation (2) or using the several solutions to equation (2) for a set of components to obtain the corresponding system level measure. The realization of equation (2) that is easiest to solve occurs when F(t) and G(t) are both negative exponential distributions. In that case, the solution is:
A(t) = -+ -e H(t) the convolution of F(t) and G(t) M,(t) the renewal function based on H(t)
p+A

P+X
~
Regardless of whether it is equation (3) or the general equation (2) that is studied, the focus is on the solution in the time domain.
Returning to the idea of a population of copies of a mH(t) the renewal density corresponding to MH(t) A for which the probability of occurrence is:
This is the probability that a sum of independent binary random variables takes a specific value. Intuitively, one would expect such a probability to be binomial. In order to confirm that W(t) is binomial, we define a structured simulation experiment in which sets of device sample paths are generated and tested statistically for conformance to the binomial model. [8] with conventional distribution inversion formulae [5] are used to obtain sample paths comprised of periods of operation and repair. At selected points in time, the proportion of the population that is functioning is counted and recorded as the availability. The experiment is repeated 50 times in order to obtain a distribution on availability.
The points in time at which the availability is tabulated are selected as the times a t which the solution to equation (2) indicates that A(t) takes the values 0.99, 0.95, 0.90, 0.85, 0.80, 0.75, and 0.70. Thus, seven frequency distributions are obtained for each set of life and repair time distribution parameters and population size. For the analysis described here, three distinct sets of distribution parameters are included for both the negative exponential and the Weibull life distributions. The population size is also varied along with the distribution parameter values. Thus, a total of 21 frequency tabulations are created for each of the life distributions. Each of these frequency distributions is compared to the binomial distribution using a Chisquare goodness-of-fit test.
Observe that the solution to equation (2) is straight forward for the case of a negative exponential life distribution. In this case, equation (3) permits the direct computation of the time a t which A(t) takes any particular value. When the life distribution is Weibull, the solution is considerably more difficult. In fact, for the Weibull, it is necessary to compute a numerical approximation to A(t). This means that determining the value of t for which A(t) has a particular value is rather involved. It also implies the need for an accurate and efficient numerical strategy for approximating A( t). Our solution to the second of these is the following rather involved algorithm:
Step 1. Apply Simpson's rule for numerical integration to numerically compute values of the convolution of the Weibull distribution, F(t), and the negative exponential repair time distribution, G(t).
Step 2. Construct a regression based fit to a hypothesized "adjusted" Weibull distribution on the duration of the combined operating and repair interval. Define the fitted distribution to be H(t).
Step 3. Represent MH(t) using Lomnicki's [6] approximation.
Step 4. Express mH(t) as the numerical derivative of
Step 5. Use Simpson's rule to evaluate the resulting form of the integral in equation (2) . While the method may seem involved because of the number of steps, it proceeds rapidly and as is described below provides quite accurate results.
Once the fact that the frequency distribution of availability conforms to the binomial distribution is established, we can address questions concerning the relationships among the life and repair time distribution parameters and the time evolution of the binomial model. In addition, we can examine the use of the binomial model rather than the expected values defined by A(t) or A, in decision analyses. The numerous simulation results support both of these analyses. In the case of the second, it is observed that decisions are frequently made on the basis of the assumption that nA(t) or nA, copies of a device will be operating at any point in time.
Given the simulated frequency distributions, the errors associated with these assumptions can be examined.
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RESULTS & DISCUSSION
The simulation experiment was applied to the parameter sets (n, A, p ) = (100, 0.10, 0.1857), (10, 0.1615, 0.30), and (50, 0.50, 0.9286) for the case of a negative exponential life distribution. The parameter sets for the Weibull life distribution case were selected to correspond to the negative exponential parameter sets in the sense that the distributions would have the same average life length, E[t]. Representing the Weibull as: More precisely, for the negative exponential life distribution case, there was one simulation run for which the theoretical value of A(t) was 0.99 and no device was observed to be in repair so the frequency comparison was vacuous. For the given parameters, this was reasonable. The same result occurred in the corresponding run using the Weibull life distribution. In all other analyses using the negative exponential life distribution, the critical value of the Chi-square test statistic exceeded the observed value by a substantial margin. The same statement applies to the simulation runs constructed with the Weibull life distribution. In all 20 cases, the frequency distribution is clearly binomial. In view of these results, it is considered that the hypothesis of the binomial distribution for the frequency distribution of device availability is confirmed. This means that in general, a model for the number of devices in a population that are available a t any point in time is given by:
where A(t) is the availability for that point in time.
Having confirmed the applicability of the binomial model, it is possible to examine the behavior of the availability function in general and in terms of the underlying distribution parameters. First consider the case of a negative exponential life distribution. For this case, A(t) is monotonically decreasing in t so as time is increased, A(t) and therefore the average number of functioning systems decreases. At the same time, the variance in the number of functioning devices increases until A(t) reaches 0.50 after which it decreases. This can be especially important as repair rates are often fixed so that A, exceeds a value that is greater than 0.5. Then, as time proceeds, the variability in device availability in the frequency domain may be sufficiently great that anticipated operational performance is not achieved. For example, suppose the repair rate is selected for a population of 100 devices in order to obtain A,=0.65 with an associated value of A(40)=0.75. In this case, the average number of devices that are functioning at 40 hours is 75 and the variance in W(40) is 18.75 n so P[W(40) 5 701 = 0.148. The point is that the variance in the frequency domain can imply reasonably large departures from target availability performance and that this possibility should be included in availability analyses.
A corresponding result is that for devices having A, greater than 0.50, reducing A or increasing p has the effect of increasing A(t) for all values of t and therefore the variance in the frequency domain is reduced. Extending this a little further, increasing A(t) has the associated benefit of reducing the variance in the number of devices functioning a t any point in time and therefore makes the time domain availability model more informative.
Corresponding relationships apply for the case of the Weibull life distribution but they are less apparent. A further consequence of the findings described above is the fact that the definition of confidence bounds on achieved availability may now be defined precisely and easily. In view of the fact that equation (7) provides the exact distribution on W( t), any meaningful confidence bound may be computed either directly or using the Normal approximation to the binomial. For example, in a population of n=50 devices for which A, = 0.65 and A(t)=0.80 at some point in time, the probability that 35
or more of the devices is functioning at that point in time exceeds 0.95. This is true regardless of the identities of the underlying failure and repair distributions.
CLOSING COMMENTS
For repairable devices, availability is probably the most informative indicator of performance. Depending on the life distribution used to model device mortality, the computation of availability can be direct or can be quite difficult.
For the case of the Weibull life distribution, the numerical strategy defined here is both efficient and accurate. In view of the fact that the Laplace transform does not exist for the Weibull, the defined numerical routine or one like it may be the only reasonable approach to computing availability values over time or with respect to frequency.
An ability to compute availability values in the time domain is useful but treats only part of the issue of device behavior in that it provides only an expected value.
The understanding developed here of the distribution of availability in the frequency domain provides a basis for a thorough evaluation of device performance. It also provides the format for complete and and thus more accurate predictive models of fleet availability.
